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The Berry phase on the Fermi surface and its influence on the conserved spin current in a two-
dimensional system with generic k-linear spin-orbit interaction are investigated. We calculate the
response of the effective conserved spin current to the applied electric field, which is composed of
conventional and spin torque currents, by using the Kubo formula. We find that the conventional
spin current is not determined by the Berry phase effect. Remarkably, the spin torque Hall current
is found to be proportional to the Berry phase, and the longitudinal spin torque current vanishes
because of the Berry phase effect. When the k-linear spin-orbit interaction dominates the system,
the Berry phase on the Fermi surface maintains two invariant properties. One is that the magnitude
of the spin torque current protected by the Berry phase is unchanged by a small fluctuation of
energy dispersion. The other one is that the change in the direction of the applied electric field
does not change the magnitude of the spin torque current even if the energy dispersion is not
spherically symmetric; i.e., the Berry phase effect has no dependence on the two-dimensional material
orientation. The spin torque current is a universal value for all k-linear systems, such as Rashba,
Dresselhaus, and Rashba-Dresselhaus systems. The topological number attributed to the Berry
phase on the Fermi surface represents the phase of the orbital chirality of spin in the k-linear system.
The change in the topological number results in a phase transition in which the orbital chirality
of spin sz and −sz is exchanged. We found that the spin torque current can be experimentally
measured.
PACS numbers: 71.70.Ej, 72.25.Dc, 73.43.Cd, 75.47.-m
I. INTRODUCTION
The spin Hall effect, a phenomenon in which an applied
electric field generates a lateral spin current, has become
an important field in spintronics [1, 2]. In the extrin-
sic spin Hall effect, the transverse spin current occurs via
spin-dependent scattering of carriers with localized impu-
rities via the spin-orbit interaction [3]. An intrinsic spin
Hall effect has also been proposed: Here, the applied lon-
gitudinal electric field in an intrinsic spin-orbit-coupled
system such as a p-type or an n-type semiconductor gen-
erates the transverse spin current [4, 5]. Both intrinsic
and extrinsic spin Hall effects have been experimentally
detected by various optical measurements of spin accu-
mulation [6] and electrical measurements through the in-
verse spin Hall effect [7]. The comparison of experimental
results and theoretical calculations has also been thor-
oughly investigated by many authors [8].
One of the potential applications of the spin Hall ef-
fect is to make the spin current, if caused by the Berry
curvature [9], dissipationless or independent of the im-
purity scattering. The Berry phase stems from the accu-
mulation by adiabatic motion of electrons or holes on the
Fermi surface, which is the integration of the Berry curva-
ture over the Brillouin zone. If the Fermi level lies on the
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conduction band or valence bands, the Berry curvature
could provide a transverse Lorentz force in momentum
space such that the transverse spin current does not cause
Ohmic heat. When the bulk is gapped by the spin-orbit
interaction, the edge states caused by the Berry curva-
ture can carry spin current, which leads to the topological
quantization of the spin Hall effect [10].
In the Rashba and Rashba-Dresselhaus system [11, 12],
it has been shown that the conventional definition of
the spin current, which is the symmetrical product of
the velocity and spin, is closely related to the Berry
phase [13, 14]. Nevertheless, as has been shown, a small
Dresselhaus spin-orbit interaction added to the Rashba
system leads to a nonvanishing longitudinal part of the
conventional spin conductivity [15]. The influence of the
Berry phase on the bulk spin current depends not only on
the definition of the spin current but also on the position
of the Fermi level. Since the total spin is not conserved
in a spin-orbit-coupled system, the definition of a spin
current is not unique [16]. Moreover, it remains unclear
whether the topological-Berry-phase-protected bulk spin
current should be unaltered by a small fluctuation of en-
ergy dispersion when the Fermi level lies on the conduc-
tion or valence bands.
Recently, it has been shown that a nontrivial pi Berry
phase in the bulk Rashba semiconductor BiTeI can be
detected by an analysis of the Shubnikov–de Haas ef-
fect [17]. It is important to investigate whether the dis-
tortion of energy dispersion on the Fermi surface would
break the Berry phase.
2The topological number attributed to the Berry phase
plays an important role in the phase transition of the
spin Hall system. It has been show that, similar to the
quantum Hall effect [18], several plateau states exhibited
by the spin current in the kagome lattice can be ascribed
to the Berry phase effect on the Fermi surface [19]. How-
ever, the mechanism of the phase transition exhibited by
the change in the topological number is still unclear.
Motivated by these issues, in this paper, we focus on
the effective conserved bulk spin current proposed in
Ref. [20], which is composed of conventional spin cur-
rent Jsza =
1
2 {sz, va} and spin torque current Jτza =
1
2 {dsz/dt, xa}. The total spin current Jza = Jsza + Jτza
effectively satisfies the continuity equation
∂Sz
∂t
+∇aJ za = 0, (1)
where Sz = Ψ†szΨ is the spin density and J za =
Re
(
Ψ†JzaΨ
)
is the spin current density. The wave func-
tion Ψ satisfies the Schro¨dinger equationHΨ = i~∂Ψ/∂t,
where H = H0+ eE ·x, with E being the applied electric
field. We also focus on the two-dimensional spin-orbit-
coupled system with a Fermi level lying on the conduc-
tion or valence band. The Berry phase is obtained on
the Fermi surface. We study the generic k-linear spin-
orbit-coupled system in which energy dispersion could
be nonspherical and the fluctuation of energy dispersion
can be studied by changing the spin-orbit strength. We
find that the Berry-phase-protected response is invariant
under a fluctuation of energy dispersion. A small fluctu-
ation of the energy dispersion changes the magnitude of
the conventional spin Hall response and breaks the anti-
symmetric properties of the conventional spin conductiv-
ity. The conventional spin conductivity is closely related
to the Berry phase but not protected by the Berry phase
effect. Remarkably, we find that the spin torque current
is protected by the Berry phase effect. Moreover, we find
that the topological number induced by the Berry phase
on the Fermi surface manifests the phase transition of
the orbital chirality of spin.
Our present paper is organized as follows. In Sec. II,
to simplify the calculation, we rewrite the Kubo formulas
of conventional and spin torque conductivity tensors in
terms of the spin-orbit interaction of the two-dimensional
system. In Sec. III, we study the generic k-linear system
and calculate the Berry phase on the Fermi surface. We
show that the Berry phase on the Fermi surface man-
ifests two invariant properties. We also show that the
topological number induced by the Berry phase governs
the orbital chirality phase transition of the spin current.
In Sec. IV, we calculate the conventional and spin torque
conductivities. We find that the conventional spin cur-
rent is not protected by the Berry phase. The spin
torque conductivity is shown to be proportional to the
Berry phase and the longitudinal spin torque conductiv-
ities vanish. Furthermore, the spin torque Hall conduc-
tivity satisfies antisymmetric properties. The effect of
disorder is also addressed. Our conclusions are presented
in Sec. V. Some calculations are provided in the Appen-
dices.
II. CONSERVED SPIN CONDUCTIVITY
TENSOR
In this section, we simply review the Kubo formulae
of the conventional spin current and spin torque current
in the two-dimensional spin-orbit-coupled system. The
system Hamiltonian in the presence of an applied electric
field is given by
H = H0 + eE · x, (2)
where the external perturbation is the in-plane electric
field eE · x, where e > 0 and −e is the electric charge
of an electron. The unperturbed Hamiltonian H0 is the
two-dimensional spin-orbit-coupled system,
H0 = εk + σxdx + σydy, (3)
where εk = ~
2k2/2m, σi (i = x, y, z) are Pauli matri-
ces, and di (i = x, y) are functions of k and the spin-
orbit interaction. The eigenvalue equation of Eq. (3),
H0|nk〉 = Enk|nk〉, can be solved exactly. The eigen-
value is given by
Enk = εk − nd (4)
with d =
√
d2x + d
2
y and n = ±1. The eigenstate of the
Hamiltonian (3) can be chosen as
|nk〉 = 1√
2
(
e−iθ
in
)
, (5)
where θ = tan−1(−dy/dx) is also a function of k. It can
be shown that 〈nk|σz |nk〉 = 0 and 〈nk|σ|nk〉 = −nd/d.
In the absence of an electric field, the direction of spin
on the Fermi surface is along the vector d = dxeˆx+dyeˆy.
The total spin current linear response to the electric
field is given by(
Jzx
Jzy
)
=
(
σzxx σ
z
xy
σzyx σ
z
yy
)(
Ex
Ey
)
, (6)
where the total spin conductivity tensor σzab is composed
of the conventional spin conductivity tensor σszab and the
spin torque conductivity tensor στzab :
σzab = σ
sz
ab + σ
τz
ab . (7)
The Kobo formula for the conventional spin conductivity
tensor is given by
σszab =
e~
V
∑
n6=n′
∑
k
fnk − fn′k
(Enk − En′k)2
× Im〈nk|Jsza |n′k〉〈n′k|vb|nk〉.
(8)
3The Kubo formula for the spin torque conductivity tensor
is given by [21]
στzab = limqa→0
1
qa
e~
V
∑
n6=n′
∑
k
fnk − fn′k+q
(Enk − En′k+q)2
× Re〈nk|τz(k,q)|n′k+ q〉〈n′k+ q|vb(k,q)|nk〉,
(9)
where τz(k,q) = [τz(k) + τz(k + q)]/2 and vb(k,q) =
[vb(k) + vb(k + q)]/2 with torque τz(k) = (1/i~)[sz, H0]
and velocity vb(k) = ∂H0/~∂kb.
It can be shown that the conventional spin conductiv-
ity [Eq. (8)] can be written in terms of da [22] as
σszab =
e
V
∑
k
(fk+−fk−)
(
∂εk
∂ka
)
1
4d3
(
dx
∂dy
∂kb
− dy ∂dx
∂kb
)
.
(10)
It has been shown that the polarized spin response,
Qza =
e~
4d3
(
dx
∂dy
∂ka
− dy ∂dx
∂ka
)
, (11)
is equivalent to the magnitude of the spin projecting on
the out-of-plane magnetic field, Qza ≡ (~/2)Bz/|B|, with
|B| = d and Bz = e(d× ∂d/∂ka)z/2d2, which can repro-
duce the result of Refs. [5, 14] in the Rashba system.
The spin torque conductivity tensor [Eq. (9)] can also
be written in terms of da and simplified to the following
form (see Appendix A):
στzab = −2σszab + σszba +Στzab, (12)
where the pure spin torque conductivity Στzab is given by
Στzab = −
e
2V
∑
nk
∂fnk
∂ka
1
2d2
(
dx
∂dy
∂kb
− dy ∂dx
∂kb
)
. (13)
Equation (12) has also been found in Ref. [19] in the
two-band model with Rashba spin-orbit interaction. In
fact, from the Kubo formula (9), it can be shown that
the response Στzab is obtained from the following Kubo
formula near the Fermi surface:
Στzab = −
e~
V
∑
n6=n′
∑
k
∂fnk
∂ka
Re〈nk|τz |n′k〉〈n′k|vb|nk〉
(Enk − En′k)2 ,
(14)
which is the electric-field-induced pure spin torque τz on
the Fermi surface. We note that the spin torque conduc-
tivity tensor is in general not twice as large as the con-
ventional spin conductivity tensor and opposite in sign
[23]. In the following sections, we first consider a generic
k-linear spin-orbit-coupled system, in which the energy
dispersion is nonspherical. Furthermore, we investigate
the relationship between the Berry phase and the spin
current by using Eqs. (10) and (12).
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FIG. 1: (Color online) Energy dispersion of a k-linear system
on the Fermi surface showing (a) det(β˜) 6= 0 and (b) det(β˜) =
0, for which two degenerate points appear at φ0 and pi − φ0.
III. BERRY PHASE IN A k-LINEAR
SPIN-ORBIT-COUPLED SYSTEM
A. Generic k-linear system
Consider a generic k-linear spin-orbit-coupled system,
where dx = βxxkx + βxyky, dy = βyxkx + βyyky, and
d = kΓ(φ) with
Γ(φ)2 =(β2xx + β
2
yx) cos
2 φ+ (β2xy + β
2
yy) sin
2 φ
+ (βxxβxy + βyxβyy) sin(2φ).
(15)
The spin-orbit interaction term σxdx+σydy can be writ-
ten as
∑
ij σiβijkj , where the spin-orbit matrix βij rep-
resents the spin-orbit interactions in the system. Some
mechanisms could result in k-linear spin-orbit interac-
tion. Structure inversion asymmetry (SIA) results in a
pure Rashba spin-orbit interaction [11], and the spin-
orbit matrix elements are βxx = βyy = 0 and βxy =
−βyx = α. Bulk inversion asymmetry (BIA) results
in pure Dresselhaus spin-orbit interactions [12], and the
spin-orbit matrix elements are βxx = −βyy = γ and
βxy = βyx = 0. The strain effect in SIA and BIA sys-
tems can also induce k-linear spin splitting that is linear
in momentum [24].
The terms dx(∂dy/∂kb)−dy(∂dx/∂kb) appearing in the
conventional and spin torque conductivities in the x and
y components are
dx
∂dy
∂kx
− dy ∂dx
∂kx
= −det(β˜)ky ,
dx
∂dy
∂ky
− dy ∂dx
∂ky
= det(β˜)kx,
(16)
where
det(β˜) = det
(
βxx βxy
βyx βyy
)
= βxxβyy − βyxβxy. (17)
Both the conventional spin current and the spin torque
current contain Eq. (16) in the integral. When det(β˜) =
0, both conventional spin and spin torque currents should
4vanish. This can be seen as follows. When degener-
acy occurs by tuning the spin-orbit strength such that
Γ(φ0) = 0 at some angle φ0, as shown in Fig. 1 [25],
we find that the angle φ0 is determined by tan(φ0) =
−[(βxxβxy+βyxβyy)±
√
−|det(β˜)|2]/(β2xy+β2yy). There-
fore, the occurrence of degeneracy that leads to the result
det(β˜) = 0 implies that the system should have an ad-
ditional conserved quantity. We find that the conserved
quantity (a unitary matrix), up to a global phase, is given
by
U =
√
1 +A
2
σx +
√
1−A
2
B
|B|σy, (18)
where A = (βxyβxx − βyxβyy)/(βxyβxx + βyxβyy) and
B = (βxxβyy)/(βxyβxx + βyxβyy). It can be shown that
|B| = √1−A2. For example, in the Rashba-Dresselhaus
system, the spin-orbit matrix elements are βxx = β,
βxy = α, βyx = −α, and βyy = −β, and we have A = 0
and B = −β/α. For α = β, we have U = (σx − σy)/
√
2,
and, for α = −β, we have U = (σx+σy)/
√
2. The system
Hamiltonian with det(β˜) = 0 is invariant under the uni-
tary transformation, i.e., UH0U† = H0. We find that the
in-plane spin (σx, σy) under the unitary transformation
[Eq. (18)] can be given by
UσxU† = Aσx +Bσy ,
UσyU† = Bσx −Aσy .
(19)
For the z component, interestingly, we find that under
the unitary transformation σz is simply replaced by −σz,
i.e.,
UσzU† = −σz. (20)
This implies that the spin current Jza (transverse and lon-
gitudinal) in the original basis has the same magnitude
as that in the transformed basis but they are opposite
in sign. Nevertheless, the system with det(β˜) = 0 has
the same Hamiltonian in both basis, and, thus, this leads
to the result that the spin current Jza must vanish when
det(β˜) = 0.
The vanishing spin current can also be seen as fol-
lows. It has been shown that, in the generic k-linear
system, the effective coupling between spin z compo-
nent sz and orbital angular momentum Lz is given by
(−2m/~4)det(β˜)szLz [26, 27]. When det(β˜) = 0, the
effective coupling between spin and orbital angular mo-
mentums in the z component vanishes; thus, both con-
ventional and spin torque currents must be zero. The
effective coupling (−2m/~4)det(β˜) will play an impor-
tant role in the interpretation of phase transition caused
by the Berry phase, as shown in the following section.
B. Berry phase on the Fermi surface
By using Eq. (5), we find that the Berry vector poten-
tial Aa(k) can be written as
1
Aa = 〈nk|i ∂
∂ka
|nk〉
=
1
2
∂θ
∂ka
=
1
2d2
(
dx
∂dy
∂ka
− dy ∂dx
∂ka
)
.
(21)
Equation (16) also implies that the Berry vector potential
[Eq. (21)] is given by
A =
1
2
∂θ
∂k
=
det(β˜)(−ky eˆx + kxeˆy)
2k2Γ(φ)2
. (22)
However, in spherical coordinates, the Berry vector po-
tential can be written as A = Aρeˆρ + Aφeˆφ with Aρ =
k · A/k = 0 and Aφ = (k × A)z/k = det(β˜)/2kΓ(φ).
Therefore, in a generic Dirac Hamiltonian the Berry vec-
tor potential has only an Aφ component. By using Eq.
(22) and the line element dℓ = dkeˆρ + kdφeˆφ, the Berry
phase Φ is given by
Φ =
∮
A · dℓ
=
1
2
det(β˜)
∫ 2pi
0
dφ
Γ(φ)2
= pi
det(β˜)
|det(β˜)|
.
(23)
We note that the integral is performed on the Fermi sur-
face. In obtaining Eq. (23), we have used the result∫ 2pi
0 dφ(1/Γ(φ)
2) = 2pi/|det(β˜)|, which can be obtained
by using the residue method to the two poles λ1 = (βxx+
βyy) + i(βyx − βxy) and λ2 = (βxx − βyy) + i(βyx + βxy).
The Berry curvature F zab is defined as
F zab =
∂Ab
∂kb
− ∂Aa
∂kb
. (24)
For k 6= 0, we have ∇k×A = 0, and the Berry curvature
vanishes everywhere except at k = 0. Using the diver-
gence theorem in two dimensions and taking the small
closed curve around the point k = 0, we obtain
F zxy = −F zyx = Φδ(k). (25)
Since the Berry curvature in the generic k-linear system
is a delta function peaked at k = 0, when k 6= 0, the
Berry curvature vanishes. As a result, the transverse
1 If we use a different basis, the Berry vector potential could de-
pend on the band index. However, it does not change the physics
conclusion in this paper since the integrant in Eq. (23) is invari-
ably unchanged.
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FIG. 2: (Color online) Schematic diagram showing the phase
transition in a two-dimensional spin Hall system from (a)
det(β˜) > 0 to (b) det(β˜) < 0.
current of spin cannot be caused by the Lorentz force in
momentum space. However, the spin torque current by
definition does not require the charge current in which
k = 0 states would have a large contribution to the spin
torque current, as will be shown in the following section.
The Berry phase Φ is an invariant quantity in the sense
that det(β˜) is invariant under rotation. That is, if the
response is caused by the Berry phase, the response re-
mains a universal constant regardless of the change in
the direction of applied electric field. Furthermore, the
Berry phase Φ is a constant ±pi, which is independent of
spin-orbit strength. This means that a small change in
the spin-orbit strength βij does not change the value of Φ
and so the Berry-phase-induced response does not change
its magnitude under a fluctuation of energy dispersion.
In the quantum Hall effect [18], the topological number
exhibited by the Berry phase divided by 2pi is an inte-
ger. Similar to the quantum Hall effect, the Berry phase
divided by pi is also an integer: det(β˜)/|det(β˜)| = ±1.
The physical meaning of the integer in the quantum
Hall effect is the number of edge states, in which the
change in the topological number results in a phase tran-
sition of a quantum Hall system from n to n ± 1 edge
states. The physical meaning of the topological number
det(β˜)/|det(β˜)| = ±1 is as follows. It has been shown
that det(β˜) governs the effective coupling2 of sz and Lz
via det(β˜)szLz [26, 27] and, thus, represents the orbital
chirality of the spin sz. When det(β˜)/|det(β˜)| changes
from +1 to −1, the current carrying +sz changes or-
bital chirality from Lz to −Lz, and −sz changes orbital
chirality from −Lz to +Lz. The phase transition is sum-
marized in Fig. 2. When det(β˜) = 0, the spin Hall effect
vanishes, as mentioned above. Therefore, the change in
the topological number of det(β˜)/|det(β˜)| results in the
phase transition of exchanging the orbital chirality of spin
2 The coupling should be −(2m/~4)det(β˜)szLz . We neglect the
overall minus sign for convenience of the discussion.
sz and −sz in the spin Hall system.
In the following section, we will show that the con-
ventional spin conductivity is not protected by the Berry
phase and that the spin torque conductivity is truly due
to the Berry phase effect.
IV. BERRY PHASE AND SPIN CURRENT
By using Eqs. (10) and (16), we obtain the four com-
ponents of the conventional spin conductivity tensor:
σszxy =
e
8pi2
det(β˜)
∫ 2pi
0
cos2 φ
Γ(φ)2
dφ,
σszyx = −
e
8pi2
det(β˜)
∫ 2pi
0
sin2 φ
Γ(φ)2
dφ,
σszxx = −σszyy = −
e
8pi2
det(β˜)
∫ 2pi
0
sinφ cosφ
Γ(φ)2
dφ.
(26)
Comparing Eq. (26) with Eq. (23), we find that the
conventional spin conductivity is not determined by the
Berry phase. However, it is interesting to evaluate each
integral in Eq. (26). The integral can be performed by
using the residue method to the two poles λ1 = (βxx +
βyy) + i(βyx − βxy) and λ2 = (βxx − βyy) + i(βyx + βxy),
and the result is given by(
σszxx σ
sz
xy
σszyx σ
sz
yy
)
=
det(β˜)
|det(β˜)|
e
8pi

 Im
(
λ<
λ>
) [
1− Re
(
λ<
λ>
)]
−
[
1 + Re
(
λ<
λ>
)]
−Im
(
λ<
λ>
)

 ,
(27)
where λ> (λ<) is taken from the relative maximum (min-
imum) value of (|λ1|, |λ2|). That is, if |λ1| > |λ2| then
λ> = λ1 and λ< = λ2, and vice versa [27]. The re-
sult shows that the conventional spin conductivity seems
to be affected by the Berry phase. Because Re(λ</λ>)
and Im(λ</λ>) in Eq. (27) depend on the spin-orbit
strength βij , we find that σ
sz
ab is not purely caused by
the Berry phase. The Berry-phase-induced spin current
should have vanishing longitudinal conductivity.
In the pure Rashba system, we have Im(λ</λ>) = 0
and Re(λ</λ>) = 0. It seems that the conventional spin
conductivity is protected by the Berry phase. Never-
theless, a small Dresselhaus spin-orbit interaction breaks
the spherically symmetric energy dispersion and leads
to Im(λ</λ>) 6= 0, which depends on the ratio β/α or
α/β [15]; i.e., the longitudinal term is not zero.
In the Rashba-Dresselhaus system H0 = εk+α(σxky−
σykx)+γ(σxkx−σyky), the determinant of the spin orbit
matrix is α2 − γ2, and λ1 = −2iα and λ2 = 2γ (if the
electric field is applied in the direction [010]). We have
Re(λ</λ>) = 0; however, Im(λ</λ>) 6= 0. Although
the conventional spin Hall conductivity in the Rashba-
Dresselhaus system is numerically equal to the Berry
6phase (i.e., the system has nonzero longitudinal terms), a
small change in the direction of the applied electric field
actually results in Re(λ</λ>) 6= 0. For example, when
the electric field is applied in [11¯0], we change the coordi-
nate (kx, ky) to (k
′
x, k
′
y) such that k
′
x and k
′
y are parallel to
[110] and [11¯0], respectively. The resulting spin-orbit ma-
trix elements are βx′x′ = (α−γ)/
√
2, βx′y′ = (α+γ)/
√
2,
βy′x′ = −(α− γ)/
√
2, and βy′y′ = (α+ γ)/
√
2. It can be
shown that the determinant of the new spin-orbit ma-
trix is still α2 − γ2. We have λ1 =
√
2α(1 + i) and
λ2 = −
√
2γ(1 − i), and Re(λ</λ>) 6= 0. Therefore,
the conventional spin current in the Rashba-Dresselhaus
system does not behave as an isotropic system.
If the conventional spin current was protected by the
Berry phase, then the resulting conventional spin current
should have maintained a universal value under a small
fluctuation of energy dispersion (without breaking time-
reversal symmetry). However, as we have shown above,
the conventional spin current depends on the shape of
the energy dispersion. The conventional spin current is
not purely caused by the Berry phase.
We now consider the spin torque conductivity tensor.
We first calculate Στzab by using Eq. (13). It can be shown
that (see Appendix B8)
Στzxx = −Στzyy = −
e2
8pi2
det(β˜)
∫ 2pi
0
sinφ cosφ
Γ(φ)2
dφ,
Στzxy = +
e2
8pi2
det(β˜)
∫ 2pi
0
cos2 φ
Γ(φ)2
dφ,
Στzyx = −
e2
8pi2
det(β˜)
∫ 2pi
0
sin2 φ
Γ(φ)2
dφ.
(28)
Comparing Eq. (28) with Eq. (26), we find that σszab =
Στzab. Substituting Eqs. (26) and (28) into (12) and per-
forming some straightforward calculations, we have
στzxy = −στzyx = −
e
8pi2
det(β˜)
∫ 2pi
0
1
Γ(φ)2
dφ,
στzxx = σ
τz
yy = 0.
(29)
Comparing Eq. (29) with the Berry phase given by Eq.
(23), we see that the spin torque Hall conductivity is
closely related to the Berry phase effect. By using Eq.
(23) we obtain(
στzxx σ
τz
xy
στzyx σ
τz
yy
)
=
e
4pi2
Φ
(
0 −1
1 0
)
. (30)
The magnitude of the spin torque Hall conductivity is
independent of the direction of the applied electric field.
The spin torque response of the system behaves like an
isotropic system. That is, a small change in the direc-
tion of the applied electric field does not change the spin
torque Hall response. In addition, a small fluctuation of
energy dispersion does not change the magnitude of the
spin torque current. Furthermore, the longitudinal con-
ductivities are zero. By using the Berry curvature [Eq.
(25)] and στzab = − e2V
∑
nk fnkF
z
ab with µ > 0, we can also
reproduce the result of Eq. (30). This also explains why
the longitudinal spin torque conductivities vanish and the
transverse part satisfies the antisymmetric property.
However, because the Fermi level does not lie in the
true gap, the conserved spin current may be affected by
impurity scattering. The conventional spin conductivity
in the Rashba system is shown to be significantly influ-
enced by impurity scattering [28]. Impurity scattering in
the Rashba system with the spin torque current taken
into account has been studied by Sugimoto et al. [29].
By using the Keldysh formalism, the conserved spin Hall
current is shown to be zero in the Rashba system with a
delta impurity potential and remains a finite value with
a finite range potential.
In short, the spin torque current protected by the Berry
phase is unaltered by a fluctuation of energy dispersion
and a change in the direction of the applied electric field.
The Berry-phase-induced spin torque current does not
contribute to dissipation. Unlike the quantum Hall effect,
the topological number may not be invariant under the
influence of impurity scattering.
We propose an experiment for detecting our perdi-
tion of rotationally invariant spin torque current. By
using Eqs. (27) and (30), the total spin-Hall conductiv-
ity σzxy = σ
sz
xy + σ
τz
xy satisfies the following equation
σzxy + σ
z
yx
σzxy − σzyx
= λ, (31)
where λ = Re(λ</λ>). The experimental value of the
spin current is assumed to be the sum of conventional
and spin torque currents, and we could obtain the cor-
responding experimental value λexp. The theoretical
value of the conventional spin-Hall conductivity should
be σszxy,th = ±(e/8pi)(1 − λexp). We can calculate the
theoretical value of the spin torque-Hall conductivity
στzxy,th = σ
z
xy,exp −
(
± e
8pi
)
(1− λexp) . (32)
If we rotate the direction of an applied electric field,
we should obtain different values of λexp and σ
z
xy,exp in
a linear momentum dominate regime with nonspherical
symmetric energy dispersion, such as the Rashba system
with a small correction of Dresselhaus spin-orbit strength
in II-VI semiconductors [2, 11]. However, the resulting
στzxy,th should be rotationally invariant. We predict that
στzxy,th maintains a universal constant and is experimen-
tally measurable.
So far we have not addressed the contribution of higher
momentum to the Berry phase and spin torque current.
The Berry curvature in a two-dimensional system is al-
ways a Dirac delta function at k = 0 since the Berry
vector potential is a gradient of the scalar function θ(k)
[see Eq. (21)]. For the k-cubic Rashba system [30],
we have dx = αhk
3 sin(3φ) and dy = −αhk3 cos(3φ),
and the Berry phase is found to be 3pi. However, only
at low density approximation, the spin torque-Hall con-
ductivity may be numerically determined by the Berry
7phase [21]. For the k-cubic Rashba-Dresselhaus sys-
tem [31], we have dx = [αh sin(3φ) + βh cosφ]k
3 and
dy = [−αh sin(3φ)+βh sinφ]k3. The corresponding Berry
phase is 3pi for α2h > β
2
h and pi for α
2
h < β
2
h. It has been
found that the spin torque-Hall conductivity at low den-
sity approximation is −9e/4pi for α2h > β2h and −3e/4pi
for α2h < β
2
h [32], which can be numerically determined
by the Berry phase. That is, the relationship between
the spin torque current and the Berry phase would de-
pend on the position of the Fermi level when the higher
momentum is included in the system. Interestingly, it
has recently been shown that the Fermi surface contri-
bution of the pure spin torque response Eq. (13) in two-
dimensional systems including higher momentum always
exhibits quantized conductivity [33].
On the other hand, it seems that a non-vanishing
Berry phase on the Fermi surface implies a non-vanishing
charge Hall conductance in a time-reversal symmetric
system. We can choose a new basis vector such that
the charge Hall conductance vanishes [34], however, the
physics conclusion Eq. (30) [see also Eq. (29)] is still
unchanged. The only change is that the Berry phase in
the new basis would depend on the band index, which
could be experimentally determined [17].
V. CONCLUSION
For a generic k-linear spin-orbit-coupled system, we
calculated the Berry phase on the Fermi surface, and
the conventional and spin torque conductivities by using
the Kubo formula. The conventional spin Hall current in
general depends on the spin-orbit strength and is not pro-
portional to the Berry phase. The longitudinal term of
the conventional spin conductivity also does not vanish.
We found that the spin torque Hall current is propor-
tional to the Berry phase and that the longitudinal spin
torque current vanishes. Since the Berry phase effect
prohibits the longitudinal response and results in anti-
symmetric properties in transverse conductivities, in this
sense, we found that the spin torque conductivity is truly
caused by the Berry phase effect on the Fermi surface.
We showed that the Berry phase on the Fermi surface
manifests two invariant quantities. The Berry phase is a
sign function of the spin-orbit matrix, which is invariant
under rotation. This means that the magnitude of the
spin torque current response is independent of the direc-
tion of the applied electric field. The Berry phase also
implies that a small fluctuation of spin-orbit strength (if
it does not cause the phase transition) does not change
the magnitude of the spin torque current. The Berry
phase divided by pi is an integer, +1 or −1, which is a
topological number. The topological number ±1 due to
the Berry phase not only represents the different phase of
the spin Hall system but also reflects the rotationally in-
variant property. The change in the topological number
results in the phase transition of exchanging the orbital
chirality of spin sz and −sz in the spin Hall system. The
phase transition phenomenon occurs in conventional spin
and spin torque currents.
Because the Fermi level does not lie in the true gap, the
topological number would be destroyed by the influence
of impurity scattering, which depends on the scattering
mechanism.
Hopefully, our interesting predictions of the invariant
properties of the spin torque current will stimulate mea-
surements in two-dimensional semiconductor systems in
the near future.
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Appendix A: Torque-Spin conductivity
In this appendix, we derive Eq. (12). Since in obtain-
ing στzab, we have to take the limit qa → 0, we expand
each term to first order of qa. By calculating the matrix
element 〈nk|τz(k,q)| − nk+ q〉, where we have replaced
n′ by −n,
〈nk|τz(k,q)| − nk+ q〉
= −in
(
d+
qa
2
∂d
∂ka
)
+ qa
nd
2
∂θ
∂ka
+ o(q2a).
(A1)
For the matrix element 〈−nk|vb(k,q)|nk + q〉, we have
〈−nk+ q|vb(k,q)|nk〉
=
ind
~
∂θ
∂kb
+
−in
2
qa
(
dy
d
∂2dx
~∂ka∂kb
+
dx
d
∂2dy
~∂ka∂kb
)
+ qa
∂θ
∂ka
(
i
2
∂εk
~∂ka
− n
2
∂dx
~∂kb
eiθ +
in
2
∂dy
~∂kb
eiθ
)
+ o(q2a).
(A2)
On the other hand, we have
fnk − f−nk+q
(Enk − E−nk+q)2
=
fnk − f−nk
(Enk − E−nk)2
+ qa
∂E−nk
∂ka
[
2
fnk − f−nk
(Enk − E−nk)3 −
∂f−nk/∂E−nk
(Enk − E−nk)2
]
+ o(q2a).
(A3)
8Inserting Eqs. (A1), (A2) and (A3) into Eq. (9) and
after straightforward calculations, we have
σszab = −
e
V
∑
k
1
4
∂θ
∂kb
∑
n
(
∂fk+
∂Ek+
∂E+k
∂ka
+
∂fk−
∂Ek−
∂E−k
∂ka
)
+
e
V
∑
k
fk+ − fk−
4d
∂εk
∂kb
∂θ
∂ka
− e
V
∑
k
fk+ − fk−
2d
∂εk
∂ka
∂θ
∂kb
.
(A4)
The first term of Eq. (A4) is the pure spin torque con-
ductivity Στzab [see Eq. (13)]. The second and third terms
of Eq. (A4) equals to σszba , and −2σszab, respectively.
Appendix B: Calculation of Στzab
In this appendix, we want to calculate the response
Στzab [Eq. (13)] in the system with generic k-linear Hamil-
tonian. At zero temperature, the Fermi level µ deter-
mines the Fermi momentum k±F for the two bands by
µ =
~
2(knF )
2
2m − nknFΓ. We have
k±F = ±
mΓ
~2
+
m
~2
√
Γ2 +
2µ~2
m
. (B1)
The term ∂fnk/∂Enk is given by the delta function
−δ(µ − Enk). The term µ − Enk can be written as
− ~22m (k − knF )(k + knF − 2nmΓ~2 ). Consider n = +1, we
have (k+F−2mΓ/~2) = (m
√
Γ2 + 2µ~2/m/~2−mΓ/~2) =
k−F . On the other hand, when n = −1, we have
(k−F −2mΓ/~2) = k+F . Using δ(x−a)(x−b) = [δ(x−a)−
δ(x− b)]/|a− b| and Eq. (B1), we have
∂fnk
∂Enk = −δ(µ− Enk)
= − 1√
Γ2 + 2µ~
2
m
[
δ(k − knF )− δ(k + k−nF )
]
.
(B2)
Since k > 0, the second term of Eq. (B2) vanishes, and
thus, we have
∂fnk
∂Enk = −
δ(k − knF )√
Γ2 + 2µ~
2
m
= −2m
~2
δ(k − knF )
k+F + k
−
F
. (B3)
Using Eqs. (B3), (13) and (22), the term Στzab is given by
Στzab = −
e
2V
∑
nk
∂fnk
∂ka
Ab
= − e
2V
∑
k
(
∂fk+
∂Ek+
∂Ek+
∂ka
+
∂fk−
∂Ek−
∂Ek−
∂ka
)
Ab
=
e
8pi2
∫ 2pi
0
dφ
2m/~2
k+F + k
−
F
{f1(φ) − f2(φ)} ,
(B4)
where
f1(φ) =
∫
kdk
∂εk
∂ka
Ab
[
δ(k − k−F ) + δ(k − k+F )
]
,
f2(φ) =
∫
kdk
∂d
∂ka
Ab
[
δ(k − k−F )− δ(k − k+F )
]
.
(B5)
It can be straightforwardly shown that f2(φ) always van-
ishes for a = x, y and b = x, y. This can also be seen
as follows. Because we use the k-linear system, we have
d ∼ k and Ab ∼ 1/k, and thus, the term k(∂d/∂ka)Ab is
a function of φ only. Therefore, for Στzab, we have
Στzab =
e
8pi2
∫ 2pi
0
dφ
2
k+F + k
−
F
∫
kdkkaAb
× [δ(k − k−F ) + δ(k − k+F )] .
(B6)
Using the Berry vector potential for k-linear system [see
Eq. (22)], the matrix formed by kaAb is given by
(
kxAx kxAy
kyAx kyAy
)
=
det(β˜)
2Γ2
( − sinφ cosφ cos2 φ
− sin2 φ sinφ cosφ
)
.
(B7)
Inserting Eq. (B7) into Eq. (B6), we have
(
Στzxx Σ
τz
xy
Στzyx Σ
τz
yy
)
=
e
8pi2
det(β˜)
∫ 2pi
0
dφ
1
Γ2
( − sinφ cosφ cos2 φ
− sin2 φ sinφ cosφ
)
.
(B8)
Compare Eq. (B8) with Eq. (26), we find that Στzab is
equal to σszab for a = x, y and b = x, y.
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